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CN Abstract 



We study constant mean curvature 1/2 surfaces in H^ x M that admit 
a compactification of the mean curvature operator. We show that a 
I) particular family of complete entire graphs over H^ admits a structure 

f-i of infinite dimensional manifold with local control on the behaviors at 

■J-J infinity. These graphs also appear to have a half-space property and 

2 we deduce a uniqueness result at infinity. Deforming non degenerate 

G constant mean curvature 1/2 annuli, we provide a large class of (non 

rotational) examples and construct (possibly embedded) annuli without 
^SJ axis, i.e. with two vertical, asymptotically rotational, non aligned ends. 
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"H 1 Introduction 

m 

~^ This paper concerns the theory of constant mean curvature {CMC for short) 

^—1 surfaces H = 1/2 in H^ x M. The value H = 1/2 is critical in the sense 

^ that there is no compact CMC sphere for H < 1/2 while for H > 1/2 there 

are rotational compact examples. A half-space theorem in H^ x M (see [8]) 

proves that for CMC H = 1/2, complete multigraphs are entire graphs over 

C^ H^. Entire graphs are classified by I. Fernandez and P. Mira |5] and their 

moduli space is modeled on the set of quadratic holomorphic differential Q 

defined on the complex plane C or the unit disk D. The link between Q and 

the geometry of the graph is not very well understood. 

We first deal with complete conformal immersions of the disk D, properly 
immersed into the half-space H^ x M_|_ {x^ > 0), which are entire vertical 
graphs over H^. We assume that the third coordinate X3 — )■ -|-oo on any 
diverging sequence of points in D, which means the height function is proper. 



Up to this date, the only simply connected example is a rotational example 
called the hyperboloid Sq. In the Poincare disk model of H^ x M — see ^ 
below — with polar coordinates {r,0), a parametrization of Sq as a graph 
over H^ is: 

{r,e) e [0, 1) X §1 h^ (re'^, ^ ) G M^ x M. 

We describe a family of examples endowed with a structure of infinite 
dimensional smooth manifold. The manifold structure arises from a suitable 



compactification of the mean curvature operator at infinity (Theorem 2.5) 
and is diffeomorphic to a codimension one submanifold of C^'"(S^) x M 



(Theorem 3.10). This construction comes with a control of the asymptotic 
behavior in terms of the horizontal (hyperbolic) distance from the hyperboloid 
5*0, namely: 



Theorem (Theorem 3.9). For any small 7 G C^'"(S^) such that e^'^ has unit 
L^ CB^) -norm, there exists a CMC-1/2 complete entire graph at asymptotic 
horizontal signed distance 27 from Sq. 

These graphs are interesting, since any connected complete embedded 
CMC-1/2 surface in H^ x M which is contained in the half-space BP x M_|_ 
and has a proper height function is a vertical entire graph. Indeed, apply 
Alexandrov reflection principle to such an immersion. There will be no first 
point of tangent contact between the surface and the symmetry part of the 
constructed bigraph — i.e. the part of the bigraph which is not a part of the 
surface — since there is no compact CMC-1/2 sphere in H^ x M. 

We also prove a half-space property for these entire graphs: 



Theorem (Theorem 4.2). Let T^ be a CMC-1/2 surface which is properly 
immersed in H^ x M and lies on one side of a CMC-1/2 entire graph S in the 
aforementioned family. Then T, coincides with S up to a vertical translation. 

We use this result to show an asymptotic rigidity in our family of CMC-1/2 



entire graphs (Theorem 4.3). Namely, if two graphs in the family are at the 
same asymptotic horizontal signed distance from the hyperboloid Sq, they 
coincide up to a vertical translation. 

In H^ X M, R. Sa Earp and E. Toubiana [3' construct a one-parameter 
family of CMC H = 1/2 annuli which are rotationally invariant around 
a vertical geodesic. Recently, L. Mazet has shown |2] that for H > 1/2, 
CMC annuli which are cylindrically bounded around a vertical geodesic are 
rotational examples. 



Though annuH are not cyHndrically bounded for H = 1/2, we prove that 
in a bounded tubular neighborhood of a rotational example, there are annuli, 
eventually embedded, which are asymptotic to different rotational examples 
with different axis: 



Theorem (Theorem 5.9 ). There exist CMC-1/2 annuli in EI xM with vertical 
ends, that are asymptotic — regarding the horizontal hyperbolic distance — 
to rotational examples with different vertical axis. 

It means that contrary to the case of embedded minimal surfaces in M^ 
with finite total curvature and horizontal ends [H] , the notion of axis is not 
relevant in general for CMC-1/2 annuli with vertical ends in H^ x M. 

Notations 

Let O = {z e C\\z\ < 1} be the open unit disk, D = {z £ C\\z\ < 1} its 
closure and (r, 9) the polar coordinates on D. We use two standard models 
of H^ X M, which are the Minkowski model: 

H^ X R = ( { (xo, . . . , xs) e M'^ xl + xl-xl = -l} , 

ds]^ = dxi + dx2 + dx^ — dx^ ) , (1) 



where H^ x M is seen as a subspace of the 4-dimensional Minkowski space 
L^, and the Poincare disk model: 

H^ xM= ({{w,x^) gD xM}, 

dsp + dxo = — , — TTj-^ldwP + dxo ). (2) 

(1 — |w|^)^ / 

The vector field associated to the third coordinate is denoted 63. In the 
Poincare disk model ([2]), the hyperbolic radius ph(«^) of a point w is: 

/I + |u^l 
pm\w) = 2 argtanh \w\ = log 



1 — \w\ 



and we will need the following formula in the proof of Proposition 2.2 

cosh^'=(^ = ^i=. 
2 ^l-\vo\^ 



We call vertical graphs (resp. vertical annuli) in H^ x M, immersions which 
are complete graphs (resp. bi-graphs) over an open subset of the slice 
H2 = M^ X {0}. 

Given surfaces S, S' in H^ x M admitting parametrizations in the Poincare 
disk model respectively: 

{f{t,e)e^',t) and {f'{t,d)e'',t), 

the hyperbolic horizontal signed distance dmiS, S'){t, 9) between S and S' at 
height t and in the direction 9 is the difference of their hyperbolic radii in 
the slice H^ x {t} and direction 9: 

dmiS, S'){t, 9) = pM{S'){t, 9) - pM{S){t, 9) 

= 2 (argtanh /'(t, 9) - argtanh /(t, 9)) . 

When it exists, the asymptotic hyperbolic horizontal signed distance between 
S and S' in the direction 9 is the limit lim dj^iS^ S')(t,9). 

For any R e [0, 1), let f^/j C D be the domain ^r = {i? < r < 1}. We 
consider the set of admissible domains V = {J1_r|0 < i? < 1}. The boundary 
at infinity 9ooH^ of H^ is identified with S^. 

Given 1^ G P, the spaces C*^'"(n) and Co'"(n), with A;>OandO<a<l, 
are respectively the usual Holder space and the subspace of functions that 
are zero on the exterior boundary {r = 1}. Finally, we consider the spaces 
L?'{-) endowed with the natural scalar product denoted (•, •) l'^{.) and Hilbert 
norm | • |l2(.)- 

2 The mean curvature operator 

Consider a surface S parametrized by an immersion X : D — )■ IHI^ x M with 
complete induced metric g. By compactification of S, we mean a conformal 
change g of metric such that g extends to a metric on D. 

The process is sensible to the parametrization. For instance, consider the 
hyperboloid Sq. It is a vertical graph over H^ parametrized by: 

(r, 9) eO^ f re^^ ^ ) G M^ x M, 
V vl — r'^ J 

in the Poincare disk model (p|, with induced metric: 

4 /2 - r^ 
9- (l_^2)3 I 




But g cannot be conformally extended to the boundary {r = 1} of D, since 
the terms of g have different rates of explosion when r — t- 1. The resuhing 
metric would degenerate for r = 1. 

To ensure the extension of the induced metric, we use a conformal 
parametrization Sq, namely the immersion X^ : D — ^ H^ x M defined by: 



" ^l-\F{r,e)\' V 1 



r^ 



where F : D — t- H^ is the C-'^-diffeomorphism defined in the Poincare disk 
model ^ by: 

1 + r^ 
and in the Minkowski model (II| by: 

F(r, ^) = ( cosh xC?", 0) , sinh xif, 0) cos 0, sinh x(?^, 0) sin 9) 



with Xv)(^) = 2 log 



1 



Definition 2.1. A surface in H^ x M is said to admit graph coordinates 
at infinity, if there exist an admissible domain Vt <Z T) and a function 
/i : r? — )■ M such that a part of the surface can be parametrized as the 
immersion X : (r, 6*) e O H> {F{r, 9),h{r, 6)) e H^ x M on S7. 
When defined, we call such a parametrization graph coordinates at infinity. 

In the sequel, we use graph coordinates at infinity to compactify surfaces 
and quantify their asymptotic behavior. Surfaces are thus considered as 
compact surfaces with boundary and we can apply the method first developed 
by B. White in |14j. 

2.1 The family S 

Let £ be the set of immersed surfaces in H^ x M, which admit — up to a 
symmetry with respect to the slice H^ x {0} — graph coordinates at infinity 
written as: 

X'' ■.{r,e)en^ Irir, e) , 2e^('''^) i^ J G M^ X M, (3) 

for some admissible domain ^ E D and rj G C^'"(i7). Elements of £ have 
vertical ends [3] i.e. topological annuli with no asymptotic point at finite 
height — i.e. topological annuli properly embedded in {M? U SooH^) x I^- 



The hyperboloid 5*0 itself is in E with O = D and 77 = 0. And so are the 
rotational examples of E. Toubiana and R. Sa Earp studied in Section [5] 



owing the asymptotic development (11). 



We highlight two properties of the family E. The first is that it contains 
normal deformations of the hyperboloid Sq. Namely: 

Proposition 2.2. A normal graph S = ex.pg ((^N) over Sq, where N is the 
upward pointing normal to Sq and (" € C^'"(D), is in E. In other words, there 
exist Q £ V and rj G C^'"(0) such that the end of S admits graph coordinates 
at infinity as in (pi). 

Furthermore, the asymptotic value of rj is linked with the asymptotic horizontal 
(hyperbolic) distance between S and Sq: 



Proof We use the Minkowski model M of H^ x M, where the map F reads: 
)sh xir, 9) , sinh xij"-, ^) 
with x(^) ^) = 2 log 



F{r, 6) = [ cosh x{f, 0) , sinh x(^, ^) cos 0, sinh x(r, 9) sin ( 



1 — r 
A computation shows the unit normal N to 5o is: 

2r ( d d d 

N = ^ sinhxT^ h cosh x cos 6* 7- h cosh x sin 0- — 

1 + r^ V <JXq oxi 0x2 

1 — r^ d 

1 + r^ 8x3 ' 

in the canonical basis of L^. Hence, S is parametrized by the immersion: 



2rC \ . . / 2rC 
FT , smh Y ; 



cosh ( X - r^, — 2 ) ' ^^"^ 1 ^ ~ -I , „9 ) cos 6*, 



We want to find new coordinates (r, 0) on an admissible domain verifying: 

_ ~ 2r ~ ~ 

xir^O) = x{f-,d) ^C(^)^)) cos ^ = cos 6* and sin6' = sin0, 

1 + r^ 



to have graph coordinates at infinity on S as in Q. Taking 9 = 9, compute: 



d / , „. 2r ^, „A 4 2/1 



2 



dr V^("'^) - ITT^'^^"'^) ) = ^^ - ^^ I ^^^ + <^ 




If r is sufficiently close to 1, the map r i— ^ x~2r(^/(l + r^) is strictly increasing 
(uniformly in 6), which ensures existence and uniqueness of r. 

To compute the asymptotic horizontal distance, consider a horizontal slice 
H^ X {t} intersecting S and Sq. The hyperbolic radii of S and 5*0 at height t 
and in the direction 9 respectively denoted pf^{S){t, 9) and /Oe('S'o)(i) d) verify: 



VI - I-FP 2 

Vl-|FP 2 

and we deduce: 

pm{S){t,9) = 2argcosh *^ = 2\ogt - 2i^ + O (^ 

and pe(5'o)(i, 6*) = 2 argcosh - = 2 log t + O f ^ 

Therefore, the hyperbolic horizontal signed distance de(5', S'o)(t, ^) between 
S and 5o at height t and in the direction 9 is: 

d^{S,S^){t,9) = pM{So){t,9)-pu{S){t,9) = 27^ + o[^^ 

which establishes the equality C|aD = 2'q\Qfi at infinity. Indeed, Clao is the 
normal signed distance between S and So at infinity, and also the horizontal 
distance at infinity, since A^ is asymptotically horizontal. D 



Proposition 2.2 emphasizes the fact that the relevant information at 
infinity is the asymptotic horizontal distance from the hyperboloid. And 
as suggested by (11) in Section pi the asymptotic horizontal distance is 



also relevant for deformed annuli, since the rotational examples are at finite 
constant asymptotic horizontal distance from each other. 

Therefore a general principle in our purpose is to fix a convenient surface, 
the model surface, and to construct deformations of the model surface pre- 
scribing the asymptotic horizontal distance from the model surface. It is also 
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the supporting idea of the compactification of the mean curvature operator 



(Theorem 2.5 1 . 



A second interesting property of E is the following: 

Proposition 2.3. The image of any element of £ under the action of any 
isometry o/H^ x M is still an element of £. 

Proof. Consider a surface S £ £ with graph coordinates at infinity {F, h) 
defined on Q gD, and denote by {F, h') the graph coordinates at infinity of 
its image S' under an isometry ifj of H^ x M. Using parametrization ([3]), we 
know that in the Poincare disk model Q: 

2e'n _ 

h= , , , ^ with ryGC2'"(0). 

It is sufficient to examine the cases when ijj is either an isometry of H^ fixing 
the coordinate 2:3 or a vertical translation. If ^ is a vertical translation of 
to G M, we have: 

2e'' ( , ( e-^l-r'^W 1 

h' = , ,^,,, + to = 2exp ?7 + log 1 + to- 



eventually after a restriction to a domain J7' G 2? for which h\^i > — to- 

If ip reduces to an isometry of H^ preserving the orientation of H^, there 
exist wq gJ} and (5o G M such that: 

yjvw) = e °. 

1 + Wolf 

If ^' = F-i o V^-i o F, then: 



h' = ho if)' 



26"°^' /,o^' |l-«¥i^| 



e 



1 - tZJ^FI \ \ 2 



= exphoV'' + log ^ 

and S' G iS. Changing F in F, gives the result when ^ reduces to an isometry 
of IHI^ reversing the orientation. D 



Remark 2.4. The value r/lgp is invariant under vertical translations. 



2.2 Compactification of the mean curvature 

From now on, to ease the notations, we denote with indices 1, 2 quantities 
related to coordinates r, respectively. Consider an admissible domain i7 G 2? 
and a function a G C^'"(r2). The model surface is the immersion X"", written 
as in Q. 

Theorem 2.5. For any deformation X""*"^ of the model surface X"" , with 
^ g C^'"(i7), the respective mean curvatures H[a + ^) and H{a) verify the 
following: 



\g{a)\{H{a + i)- H{a)) = ^ A,,{r, 6, a, DOC., + B{r, 9, a, e, Di), (4) 

where \g{a)\ is the determinant of the metric induced by X"", Aij and B are 
C'^'" functions on J7 which are real-analytic in their variables, and A = {Aij) 
is a coercive matrix on il. 

Proof (See Appendix [6] for computation details). Denote a the pullback 
metric F*dsp, i.e. in matrix terms: 

16 ({l-r^ \ 

'^~{l-r^)i[ r^{l+r^))- 

Differential properties of a surface in H^ x M with graph coordinates at infinity 
(F, h) are the ones of the actual graph of /i in D x M endowed with the metric 
a + dxi^. Following J. Spruck [12], the mean curvature H{a + C) is: 

1^. (VaKa + i) 



H{a + i) = -AW,^ Ty(a + / "^'^^ W{a + i) = ^l + \VM(^ + i)\l, 

with quantities computed with respect to o". If (F^) denote the Christoffel 
symbols associated to a, we have: 

H{a + e) = ^^^^ ^ ^^ E a'' {a + g) (^a.,fe(a + g) - E rf,gfc/^(a + g) j , 

where the non zero Christoffel symbols are: 

^11 l_r2' ^12 ^21 ^(i+^2)(l_^2) 



and F 



r 



1 +H)(1 +6H +r 



22- (l-r2)3 



The induced metric g{a) reads: 



gii{a) 



16(l + r2)2e2« 
(l-r2)4 

i 

512(0) = - 
and 522(a) 



2rai , 
^1 + r2)2a2e2'^ 



2 /of e-2" - 1 
"" ^^ i 4 ^(l+r2)2 



„2\2 



2r 



ai 



(l-r2)3 

16r2(l+r2)2 
= (l_r2)4 



l+r2 



+ ^(1--^) 



„2 2a 
1 + ^(1_^2)2 



47-2 



and the expression of VF(a) is the following: 



W{a) 



(l + r2)e 



2\„a 



2rai 



-2a 



1 



^T+^^ ''+ lT^(l+r2)2 



(1 



„2\2 



,1/2 



4r2(l+r2)2 



(1 



„2\4 



(5) 



The computation detailed in Appendix ^ gives the expression Q with the 
desired regularity and: 

An = e-'^ + 0(l-r2), Au = A21 = 0{l-r^) and A22 = e^ + Oil-r^), 

which shows that A is coercive on il U dD. D 



The quantity y/g{a){H{a + ^) — H{a)), with ^ E C2'"(0), can be called a 
compactification of the mean curvature of X" since it can be extended to the 
exterior boundary {r = 1} of i7. It is strongly linked with the compactification 
of the induced metric g{a) by the following equality: 



A-' 







a +0(1 



1 



VM^\ 



g{a) + 0{l-r^). 



3 Moduli space of CMC- 1/2 entire graphs 

In this section, we are interested in the subset ^ C <S of CMC-1/2 complete 
entire graphs contained in the half-space IHI2 x M^. Since elements of G are 
simply connected, they can be globally parametrized in graph coordinates at 
infinity over the whole disk D using O: 



XV 



^,26" 



1372 



2r 

with F(r,e) = ^e'^ and rjeC'^'^i 

1 + r^ 
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and the geometrically defined function ry|giD) : S""^ — ^ M is the value at infinity 
of the surface. 

Consider a CMC-1/2 entire graph S £ G, with graph coordinates at 
infinity X", where a £ C^'"(D), and denote 7" = a\Qn the value at infinity. A 
simple computation shows that the vertical component (p^ = {N"", 63) of the 
upward pointing unit normal iV" to X° can be expressed as: 

^'^ = ^7^^ ^ith c^ = ^ W[a), (6) 

Id^ 1 + r^ 2 1 + r^ 

where W{a) is given by ([5| and y?" = 1/W{a). Note that c'^ is a positive 
function on D such that c^lgj} = 1/2. 

In the sequel, we make the following abuse of notation denoting H the 
operator: 

H -.r^^ C2'°(D) ^ H{r]) G C°'"(D), 

where H{rj) is the mean curvature of X'', and calling it the mean curvature 
operator. 

Lemma 3.1. The differential of the operator H at point a is: 

where L is the Jacohi operator of X^. 

Proof. If JC* is a differentiable family in the parameter t such that 770 = a, it 
is a standard fact that: 



d^ 
dt 



.„«""' 4Ks 



t=0 



^•».iV<'> = -L 2eVj_,^, * 



t=0/ 

and the expression (pi) of if"' leads to the conclusion. D 



Using Theorem 2.5 we define the compactified mean curvature operator 
to be: 

1 



H:i£ C^.-(D) ^ ^\g[a)\ [H{a + 2c"0 " 2 j ^ C^'"(ID)). (7) 

The compactified Jacohi operator is L = DH{0) : C'^'°{B) -^ C°'"(D) and 
using Lemma|3.1|we know that: 



L = J\g{a)\L. 
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Proposition 3.2 (Green identity). For any u,v ^ C^'°(D), L satisfies the 
following identity: 



dr dr J 



de, 



r=l 



with dA the Lehesgue measure on D. 

Proof. Let n, u G C'^'°(D). For any R € (0, 1), L satisfies a Green identity on 
{r < R}: 



/ [uLv — vLu)dA = j 

J\r<R\ J\r 



dv du\ . 
u- v-—- as, 



{r=B} \ dv dv J 



where dA and ds are the measures corresponding to the metric induced by 
X"" on {r < R} and {r = R} respectively, and where d ■ /dv denotes the 
co-normal derivative. Notice that: 



and V 



dA=^\g{a)\dA, ds = ^ g22{a) dO 
1 



^522(0)15(0) I 



{g22{a)Xt-gi2{a)X^), 



with dA the Lebesgue measure on M^. Taking the limit when i? — >■ 1, we 
obtain: 

d ^,a d 



lim V522(oJ7^ = e ' — 
R-s-i V dv dr 



r=l 



and the identity follows. 



D 



Corollary 3.3. There is no solution u € C '"(D) to the equation: 

j Lu = onB 

1 u\ao = 1 



Proof By contradiction, suppose such a u exist and apply Proposition 3.2 to 
(/7° and u: 



= /_ {^"Lu - uLip") dA= f "^ e 

r2TT 

e-^^^dd, 
/o 



_^. ^ ^du _ gy?" 
5r dr 



de 



r=l 
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since: 



dip" 
Lp \j.=i = and 



dr 



l+r2 



+ 0(l-r 

r=l 



/ r=l 

This is impossible. D 

Let Lq be the restriction of L to Cq'"(D) and if = kerLg- Using the 
standard inclusions Co'"(D) C C°'"(D) C L^(D), we denote by K^ the 
orthogonal to K in C'^'°(D) for the natural scalar product of L^(D) and 

kJ- = K^nCo'"(o). 

It is a standard fact that the restriction Lq is a Fredholm operator with 
index zero (see for instance |[7^). Namely K = M^j" and Lo(Co'"(0)) = K . 

3.1 General deformations 

Let //(J : C^'"(S^) — !► C^'"(D) be the operator such that fJ-aij) is the harmonic 
function on D (for the flat laplacian) with value 7 — 7" on the boundary 
dn. Denote IIk and n^± be the orthogonal projections on K and K^ 
respectively. Following B. White [H], we show: 

Lemma 3.4. Consider the map ^ : C^'"(S-'^) x M x Kq -^ K-^ defined by: 

«5(7, A, a) = n^x o F(/i,(7) + A(^" + ^) . 

T/ien D3$(7",0,0) : ifg^ — > if-*" is an isomorphism. 

Proof. A direct computation gives D3^{^"-,0,0) = H^^ ° ^oIk^ ^^'^ ^^ 
know K^ is the range of Lq, which means D3^{'y°-, 0, 0) : K^ — >■ K^ is an 
isomorphism. D 

Therefore, we can apply the implicit function theorem to <5, which states 
that there exist an open neighborhood Ua of (7'',0) in C^'"(S^) x M and a 
unique smooth map a : Ua ^ Kq such that: 

V(7,A)G?7a, c^(7,A,a(7,A))=0. 

Then we define the smooth maps ^a '■ Ua ^ C^'"(D), rja : Ua ^ C^'"(D) and 
Ka-.Ua^K by: 

ea(7, A) = Ma(7) + A(^'' + (t(7, A), 7?„(7, A) = a + 2c'^ea(7, A) 
and Ka(7,A) =n/^oi?(^a(7, A)). 

If a surface in i5, defined on D, admits X^"^'^''^' as graph coordinates at 
infinity, we say that {7, A} are the data of the surface with respect to S or 
to a. 
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Lemma 3.5. The maps ija and S,a have the following properties: 
1- ea(7",0)=0 andrja{r,0)=a. 

2. V(7,A) E Ua, Vah,X)\do = 7- 

3. L'2^a(7",0) : A G M ^ Ay?" G C^'"' 



Proof. Point 1 comes from the definition of /i^ and from the uniqueness in 
the impHcit function theorem. Point 2 is a direct computation: 

Vah, A)|aiD) = a\do + 2c''|ain)(^a(7)laD + A(^"|aD + cr{-f, X)\dD) 

For Point 3, it is sufficient to show D20"(7", 0) = 0. To do so we compute: 
d 





dt 



$(7«, t, a{r, t)) = n^x o Loiif'' + i^2^(7°, 0) • 1) 

i=0 

= Lo{D2a{-f^,0)-l). 
Hence, D2(T{-f'', 0) ■ 1 e K n K^ = {0}, which means 1)2^^(7", 0) = 0. D 

Remark 3.6. Consider S,S' € G admitting respectively X"',X"' as graph 
coordinates at infinity and suppose there exist a surface in £ with data 
{7, A} and {7', A'} with respect to S and S' respectively. Therefore, this 
surface admits graph coordinates at infinity X^''^'^'^' and X^"-'^"^ ■'^ ' — i.e. 
r/a(7. A) = r?a'(7') -^0 — and we get: 

/ , w 1 / Vail A) -a' , . a'\ /ON 

7=7 and A=— r^ ( —, ^ia'{l),^ ) . (8) 



The identity on values at infinity comes from Lemma 3.5 Point 2, and the 
expression of A' is just the projection along (^° . 

Note that a converse to this decomposition is the subject of Theorem |4.3[ 
namely if X^''^'^''^' admits data with respect to 5", these data are {7', A'} as 
defined in (Isl). 



Lemma 3.5 Point 2 also shows that the value at infinity of a surface 
X''''(T'^) does not depend on A, which means there exists a 1-parameter 
family of surfaces admitting the same value at infinity. This family is nothing 
but the vertical translations of X^"^'^''^': 
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Proposition 3.7. Let (7, A) G Ua- The surface X"^"-^^' ' exists for any 
A' E M and coincides with X'^°-^"''^> up to a vertical translation. 

Proof. To ease the writing, denote a = rjaij, A), h{a) tlie height function of 

X^ i.e.: 

~1 + r^ 
h{a) = 2e--^, 
1 — r^ 



and m > the minimum of h{a) on D. We know from Proposition 2.3 that 



we can parametrize a vertical translate of X°, by some t G M, by graph 
coordinates X"" ^^' defined on D if and only if t > —m and in that case: 



a'{t) = a + log 1 +t 



g-a ^ _ ^2 



a + log 1 + 



We also know that a'(t)|a» = (i\dn-, which implies fiai'j"' ^^') = l^a{l)- Writing: 

a'{t) =a + 2c'^(;Ua(7) + A'(t)</^'^ + ^(7, A'(t))) , 

we only have to show that A'(t) is a bijection in the variable t from the 
interval (— ?7i, +00) of possible translations onto M. We have: 

a'(t)—a a' it) — a a — a 1, /, t \ ^,,. 

^2!^ = ^2^^ + ^ = 2^ ^°H' + /^) + ^"^^' '^' 

and using ([s]), the expression of A'(t) is: 

1 






l^^°H' + /4 



A'(t) = A + 



Compute: 



(iA'(t) _ 1 

dt ~ 27r|v?«|22 



(V.'^)^/I(a) 



>0 



i.e. A'(t) is a strictly increasing bijection from i^—m^ +00) into M. Also: 



{t<0) 

A'(t) < A + 



1 






(9^")'/i(a) 



log 1 + 



t 



ml t^-m 



-^ —00. 
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If M > is the maximum of h{a) on the disk {0 < r < 1/2}, we get: 



(t>0) 

A'(t) > A + 



> A + 



27r|(/?«|2 



L2(D) J{0<r<l/2} 
1 



{^''yh{a)log[l + 



h{a) 



27r|V'1i2(D) ^{0<r<l/2} 



i^rHa) 



log 1 + 



M 7 t->+oo 



> +00, 



which ensures that A'(t) is bijective from (— m, +cx)) onto 



D 



3.2 CMC-1/2 deformations 

The values of the mean curvature of deformations X'^°-^^' ' of S are determined 
by Ka- Indeed, for (7, A) S Ua we have $(7, A, (1(7, A)) = and: 

H{Ul, A)) = A.a(7, A) + cl>(7. A, ^(7, A)) = Ka{7, A). (9) 

In particular: 

1 



V(7,A)G[/„ i^M7,A)) 



Ka(7,A) = 0. 



Consider Ua = k^ ^{{0})r\Ua- Using Proposition 3.7 we can take Ua = TaX 



with Ta a subset of C^'"(S^). Furthermore, since the construction is local, we 
can suppose Ta connected. 

Proposition 3.8. Ta is a codimension 1 smooth submanifold 0/ C^'"(S"'^). 
The tangent space to Fa at 7" is the orthogonal space (e"^'*'") to e 
^2,a|-gi^ j^j, ^^g gf^Q^lo^j- product of L'^{E^) and Ta is a subset of: 



-27" 



m 



{7 G C2'"(Sl) 



IL2(§1) 



} 



Proof. We first show that Ka is a submersion at (7",0). Using d9|, compute: 



^2Ka(7",0)-l 



d 

dt 



t=0 



Ka(7^t) 



d_ 
dt 



t=o 



H{Ul",t)) 



L{D2Ur,0)-^)=Lo{^'') = 0, 



since (^" G K. Remains to find 7 € C^'°(S^) such that I?iKa(7",0) • 7 is not 
identically zero. We can take 7 = 1. Indeed, using (JDl): 



L»lKa(7^0)•l 






Ka(7" + t,0)= -^ 
t=0 "t^ 



t=0 



HiUl^' + m) 



L{DiUr,0)- 1)^0, 
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using Corollary |3^ with (L>i^a(7'', 0) • 1) 



1 deduced from Lemma 3.5 



Point 2. Since DKa is continuous and non zero at (7'^,0), there exists an 
open neighborhood of (7", 0) in C^'"(§^) x M on which Ka is a submersion. 
Therefore, up to a restriction on Ta, we can suppose Ka is a submersion on 
Ta X {0}, which implies Ta is a submanifold of C^'"(S^) of codimension 1. 

Consider a smooth path 74 in Tq with 70 = 7*^ and tangent vectors 7t. 
Note that similarly: 



= Z)Ka(7",0)-(7o,0) 



A. 
dt 



t=o 



Ka(7i,0) = Lpiea(7",0)-7o). 



Denote v = Di^a(7", 0) • 70 G ker L. Knowing that: 

dip"" 



tf \r=l 



0, 



dr 



and f |r.=i = 70, 



r=l 



apply Proposition 3.2 to tp"" and u: 



= / f 99"L7; - vL^°) dA= / '^ , 

JB ^ ^ Jo 



"P 



J 9i; 9c/?'* 



dr 



dr 



dO 



r=l 



27r ^ 

706"^"^" (i6i = 27r(7o,e~^'^'')2,2(§i). 



(10) 



Thus (e"^'*'") is the tangent space to Ta at 7**, since it is of codimension 1. 

The stated inclusion for Ta expresses the nullity of the vertical flux of an 

entire graph. If 7 G r^ is the value at infinity of a surface S' £ G, consider 



the subset Vr, for R G (0, 1), of 



inside the vertical cylinder Cn of 



(euclidean) radius \F{R, ■)] = 2R/{1 + R^) in the Poincare disk model ([2]), 
delimited below by the slice H^ = H^ x {0} and above by the surface 5". 
Since 63 is a Killing vector field, using Stokes theorem we have: 



dives 



Vr JS'^ JDn 



{N\es)+ (-63,63) 



where S'j^ is the part of S' inside Cr and Dr the disk in H^ of (euclidean) 
radius \F{R, ■)] = 2R/{1 + R'^Y 

We use notations of Appendix [gJ If X" are the graph coordinates at infinity 
of S', we have Ag(„,)X'*' = 2H{a')N°-' = N°-\ since H{a') = 1/2, and the 
first integral writes: 



/ (iV'^',e3)= / Ag^a')Ka')dA= f 
JSL Jw<B.\ Ji 



{r=R} 



dh{a') 
du 



ds, 
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Figure 1 : Decomposition of the boundary of Vr 



and we know that: 



1 f 922{a') d gi2{a') d \ .. '^-9«'l±l! 



d__ 

d^ \/922 

Using the expressions of 512(0')) 522(0') and |(7(a')| computed in Appendix IgI 
we get: 



dh{a') 



1 



8r' 



dy Vm{anw{a'){l-T^Y 

and since ds = \/g22{a') dO, we obtain: 



l+(^+->-(l-r^) 
4r 



5' 



{N\e3) 



8i?2 



(1 - i?2)2 J^ ^(^z) 



2n 



2\„l 



1 + 



:i+r^ )a! 
4r 



(l-r^) 



^6* 



r=_R 



IGvrii^ 



(l-i?2)2 

The second is the area of D^: 



+ 27r(l-|e-'^'(^'-)U2(si))+0(l-i?2). 



1 = 27r 
Dfl JO 






Making i? — ^ 1, we get |e '''|^2(§i) = 1 and the inclusion for Ta- 



D 



A. E. Treibergs showed (see |13]) that given a C^ curve — generahzed to 
continuous curves by H. I. Choi and A. E. Treibergs in [T] — 7 : §^ ^ M, 
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there exists a CMC-1/2 complete entire vertical graph in the 3-diniensional 
Minkowski space which is asymptotically at signed distance 7 from the light 
cone. Namely, it is the graph of a smooth function / : M'^ — ;► M such that: 

fix) = kl + 7 1 — r ) + ^(^) with lim e(x) = 0. 

\|x|/ |xi-5>+oo 



Proposition 3.8 is indeed a C '" local version of this result in IH x 



Theorem 3.9. Let 7 G C^'"(S^), small in the C'^'^-norm, be such that 
\e~"'\i2fgi\ = 1. Then there exists a surface in Q with 7 as value at infinity. 
In other words, there exists a CMC-1/2 complete entire vertical graph at 
asymptotic horizontal signed distance 7 from the hyperboloid Sq. 

Proof. If 7 is sufficiently small in the C^'" norm, then 7 G Tq and X'"'*^'^''^' is 
a CMC-1/2 entire graph admitting 7 as value at infinity. D 



Another consequence of Proposition 3.8 is the global structure of Q: 



Theorem 3.10. The family Q can he endowed with a structure of infinite 
dimensional smooth manifold. 

Proof. Consider a surface S ^Q with graph coordinates at infinity X" and 
Va C G the set of surfaces admitting data in Ua. From uniqueness in the 
implicit function theorem we know that the map: 

Ta-.S'eVa^ (7, A) e Ua, 

where {7, A} are the data of S' with respect to a, is a bijection. To prove 
that the couple (Va, t^) form a smooth atlas, it only remains to show that the 
transition maps are smooth. But identities (Is]) are precisely the transition 
map from (Va,Ta) to {Va',Tai), which concludes the proof. D 



4 A half-space theorem 

In [TU], B. Nelli and R. Sa Earp show a half-space theorem for the hyperboloid 
Sq. We extend this result to the family Q of CMC-1/2 entire graphs with 
appropriate graph coordinates at infinity. The proof is based on the idea 
of B. Daniel, W. H. Meeks and H. Rosenberg [5] in Heisenberg space. A 
key-ingredient is to construct a family of surfaces with boundary. Our tool 
to do this is the following: 
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Lemma 4.1. Let E be a CMC-1/2 surface with boundary admitting graph 
coordinates at infinity X"" defined on an admissible domain Qr £ T>, with 
R G (0, 1) and a G C^'"(0/j). Denote 7?„j = a\^r=R} C''nd ^'^^^ = a\dji. Then 
for any (7mi,7ext) in a neighborhood of {'yf^^,^^^^) in (C^'°(S^))^, there exists 
a CMC-1/2 surface admitting graph coordinates at infinity X"' defined on 
riR such that a'|{r=i?j = 7mt and a'\do = jext- 

Proof Consider the map $ : {C^'''{S^)f x C^'^iTl^) -^ C^'^'iTlR) defined by: 

^{lint, lext, O") = H{fla{lint, lext) + o) , 

where H is the compactified mean curvature operator as defined in ([7| and 
/ia : (C^'"(S-'^))^ -^ C^''^(Oij) is the operator such that ^ia{lint-,lext) is the 
harmonic function on il/j with value (7^* — lintilext — lext) o^ the boundary 
of riij. 

We know that E is strictly stable since the third coordinate c^'* of the 
upward pointing normal is a positive Jacobi function (see [B]). Hence, 
Ds^i'lint^lextJ^) '■ Co'"(^-R) ~^ C^'°'{^r) is an isomorphism and we can 



apply the implicit function theorem as in Section 3.1 There exist a neigh- 
borhood U of (0,0) in (C2'"(Si))2 and a smooth map a : U -^ C'^'^'i^) such 
that: 

V(7mt,7exi) G U, ^{■Jint,7ext,Cr{^int,7ext)) = 0. 

We can take a' = a + 2c°- {iia{lint, lext) + cr{iint,lext))- □ 

We now can show the following half-space result: 

Theorem 4.2. Let T, be a CMC-1/2 surface which is properly immersed in 
H^ X M and lies on one side of a CMC-1/2 entire graph S £ Q admitting 
graph coordinates at infinity X"" with a G C^'"(D). Then S coincides with S 
up to a vertical translation. 

Proof. Without loss of generality, we suppose S is above 5. We denote 

T'^ : M^ X R -^ M^ X M the vertical translation by c G M and: 

co = inf{cGM|Snr"(S) / 0} . 

If S n T'^{S) 7^ then by maximum principle, T, coincides with T'^{S). 

From now on, suppose SnT'^" (S) = and — up to a vertical translation — 
Co = 0. In other words: 

S n 5 = and Vc> 0, S n T"(5) / 0. 
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We want to construct a CMC-1/2 surface with boundary intersecting T, in 
an interior point. To do so, consider R £ (0, 1/2) and admissible domains 
^R,^2R S T^- There exists 6 > such that S intersects T^{S) only inside 
the exterior domain f!,2R x ^ for any < c < 26: 

Vc < 26, (r"(S) n S) c Jl2i? X M. 

Denote £; = T^{S) n (r^j? x R). ^ is a CMC-1/2 surface with boundary. 
We can apply Lemma 4.1 to deform E and construct a family [E(e)) ^„ of 
CMC-1/2 surfaces such that: 

• E(e) is at constant asymptotic horizontal signed distance — e from E; 

• E{e) coincides with E on the interior boundary {|t(;| = R} x M of il/j x M; 
. £^(0) = E. 



Moreover, by the implicit function theorem applied in Lemma 4.1, we know 
that the family E(e) is uniformly smooth. Hence, E(e) converges to E when 
e — )■ and since -B n E 7^ 0, there exists Eq > such that E{eo) nS / 0. 

At infinity E{eo) is outside 5, thus T'=(£(eo)) nS = for large c < 0. 
Consider: 

ci = sup {c < 0|r^(£(eo)) n S = 0} < 0. 

We know that T^'^[E{£q)) n S 7^ since the first intersection point cannot 
be at infinity. And this intersection does not occur on the boundary of 
T^^^E^sq)), since the boundary lies outside ^2R x M. Therefore, the first 
intersection point is point interior to T'^^{^E{£q)) and by maximum principle 
S coincides with T'^^[E{£q)) over 17^, which is impossible. D 



We can deduce from Theorem 4.2 a uniqueness result at infinity for the 
family Q: 

Theorem 4.3. Let S, S' be CMC-1/2 entire graphs in Q admitting graph 
coordinates at infinity X"-,X°' respectively, with a, a' G C^'"(D). Suppose 
there exist a surface S admitting data (7, A) G Fa x M with respect to S and, 
as in ([8|, denote: 

with X^'^^'^' ' the graph coordinates at infinity ofE. Suppose 7 G r^', then S 
admits data {7, A'} with respect to S' ; in other words, rja{j.,\) = r]a'{'j,X'). 

21 



Proof. We first make two remarks: 

• If S admits data with respect to 5", then from (|8| and the definition 
of A' above, we know that the data are precisely {7, A'}. 

• To show that S admits data with respect to S' , we only have to show 
that a vertical translate T^°(T,) of E, with cq > 0, admits data with 
respect to S' . 

Consider graph coordinates at infinity X^ for T'^(S) with c > 0. Suppose 
there exist tq E (0, 1) such that the height functions of T'^(S) and X''"'''^''^ ) 
verify h{r]) > h[rja'{'y, X')) for any {r,9) G [ro, 1) x S^. We take: 



Co = c + max 

[0,ro]x§l 



HVa'il,^')) -h{ri) 



4.2 



so that T'^o^E) is above X''«'(^'^'). Applying Theorem 
T^o(S) is a vertical translate of X''-'(T'^'). 

Remains to show the existence of rg. We have: 

Tja'h, A') = a' + 2c''' [fia'il) + AV"' + ct(7, a')] 
and ria{-f, A') = a' + 2c"' [fia'il) + AV"' + ^] , 
by definition of A', which gives: 

/ g-Vah,^) 1—7.2' 



we deduce that 



7? - 77,, (7, A') = 2c'^ [a - a(7, A')] + log 1 + c- 



ec, 



2, a/ 



We know r/ — rja'^'j, A') is identically zero on 5D and we remark that: 



d 
dr 



{V-Va'{l,X')) 



d 
dr 



(c^'[a-a{j,X')]) 



Taking: 



we get: 



c = 2 max e^ 1 + 2 



d 



dr 



(c'^'[a-a(7,A0])), 



dr 



iV-Va'ilA')) 



< -1. 



Thus, there exists tq G (0, 1) such that r/ — r]a'{'j, A') is strictly decreasing (in 
r) on [ro, 1) x S^, which means rj — rja'i^j, A') > on [ro, 1) x S-"^ and concludes 
the proof. D 
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5 Deformations of CMC-1/2 annuli 

R. Sa Earp and E. Toubiana showed in ^ that — up to a not necessarily 



orientation preserving isometry of ^ 



a rotational CMC-1/2 vertical 



annulus is a bigraph, symmetrical with respect to the slice H^ x {0}. The 
upper graph part of such an annulus admits graph coordinates at infinity 
{F, hp), with P a positive real number, /3 / 1 and /i^ defined by: 



h/sir) 



cosh t — f3 



|iog/3| v^2/3 cosh t 



1-/32 



--dt where r > 



VP-i 



v^+l 



R 



'P- 



We denote by Af^ this annulus, which is embedded if < /? < 1 and only 
immersed when /3 > 1. 




< /3 < 1: embedded annulus 



(3 = 1: entire graph (the hyperboloid Sq) 



(3 > 1: immersed annulus 



Figure 2: Profile curves of rotational CMC-1/2 examples in the Poincare disk 
model ^ 



We have the following asymptotic development as r — )■ 1: 

1 1+r 



hir) 



?1 



+ o(i), 



(11) 



which means that the restriction of {F, hp) to the exterior domain i7/j„ is in 
£■ with constant value — log/3 at infinity. Therefore, the method developed 
in Section [3] should adapt to the study of deformations of these annuli. 

For our purpose, we slightly change the notations. Fix /? > with 
/? 7^ 1; the annulus Ap is now the model surface. To deform rotational 
annuli, we need conformal coordinates to provide a compactification of the 
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mean curvature. A conformal parametrization of the annulus Aj^, written in 
cylindrical coordinates, is the following: 

X^ ■.{s,e)en^ ^ (^F{r{s),9),e{s)hp{r{s))) with Qf^ = {-T,T) x S\ 

(12) 
^ 4 /"i dt 

%=^-^\f¥U^^Wl^?^r^) and r(0) = i?^. 

We also identify functions over Ap with functions over Vt" . The cylindrical 
parametrization of a deformed annulus is the following immersion: 

X'^ : {s,e) enl^ ^ (^F{r{s),e),e{s)e'^^''^h,3{r{s))) with r? G C^'"{n^). 

The determinant of the first fundamental form is |5(?7)|, the mean curvature 
H{rj) and the values at infinity are the couple {ri{T, •), r/(— T, •)) G (C^'"(S^))^. 

5.1 Non degeneracy of rotational annuli 

As in Section [3] we need to understand the Jacobi functions in order to 
control the deformations. Thus, we focus the study on annuli in £ that are 
non degenerate in the following sense: 

Definition 5.1. A surface in £ is said to be non degenerate if the only Jacobi 
functions that are zero at infinity on each end of the surface (i.e. when r = 1 
in the graph coordinates at infinity of the ends) come from isometrics of 

M^ xM. 



A direct consequence of the proof of Proposition |2.3| and the shape of the 
ends is that if an annulus in £ is non degenerate, then the space of Jacobi 
functions which are zero on the boundary is 1-dimensional, generated by the 
vertical component of the unit normal. 

Another fact is that, since the rank of the Jacobi operator is locally 
constant, small deformations of a non degenerate annulus are still non 
degenerate. 

Therefore, the method used in Section [3] can be strictly transposed to the 
study of deformations in a small neighborhood of a non degenerate example. 

Proposition 5.2. The annulus Ap is non degenerate for any value of j3 (/ 1). 
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Proof. If L denotes the Jacobi operator of vl^, the compactified Jacobi 
operator L = y/\g(Wj\L of ^^ can be written A + q{s) m the conformal 
parametrization ( |12[ ), with A the flat laplacian and q £ C^{[—T, T]). Moreover, 
Afj being symmetric with respect to H^ x {0}, the function q is even. 

Since a Jacobi function is 27r-periodic in 9, using the Fourier decomposi- 



tion, we reduce the problem to solving a family (D„) of Dirichlet problems 

on C^{[-T,T]) forneN: 

r u" + {q{s) - n'')u = 

\ u{-T) = u{T) = ■ ^ "^ 

We make two immediate observations: 



Considering a solution of (D„, ) for any n G N, its odd and even parts 
are also solutions of (D„). Hence, we only have to consider odd and 
even solutions. 

The vertical component ip of the unit normal to Ap is an odd solution 
of (Do) which does not vanish on (0, T). 



Let n E N. An odd solution of (D„) is proportional to (p. Otherwise, 
using Sturm comparison theorem with q — n^ < q, V should vanish once in 



(0,T). There is no even solution to (D„). Suppose such a function u exist. 



Using Sturm comparison theorem, u vanishes nowhere in {—T,T), which 
means n^ is the first eigenvalue of the elliptic operator: 

d^ 

and that the corresponding eigenspace is one dimensional equal to Mu. More- 
over if is an eigenfunction of this operator associated to the eigenvalue 0, 
which implies n = and ip = \u for some A G M. But if is odd, which is a 
contradiction. D 



5.2 Deformations of annuli 

Consider a 13-deformahle CMC-1/2 annulus A i.e. a surface such that: 

• A admits X \ with b G C^'"(r2''), as a cylindrical parametrization; 

• j4 is non degenerate; 
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• the values at infinity are the couple 7* = (7^,7^) = &|gn/3 satisfying 
the condition: 

I -7i I I -1^ I 

|e '+|l2(§i) = |e '-|L2(gi), 
which expresses the conservation of the vertical flux along the annulus. 

Again, the vertical component if of the unit normal to A reads: 
h e"^ 1 . , ft, 1 

and we use a similar definition to Section [3] for the compactified mean 
curvature operator: 



H : ^ GC'^^in^) ^ J\g{b)\iH{b + 2c'C) 



1 



G ^'"(17/3). 



The compactified Jacobi operator is still L = DH{0), Lq is its restriction 
to Cq'°($7^) and K,K^,Kq are defined as before. The non degeneracy 
hypothesis on A means kerLo = My? . 

Again, define fit : (C^'"(S^))^ -^ C^'"(r2'') to be the harmonic function on 
Q^ with values 7 — 7 on dO.^. 

The compactified Jacobi operator satisfies a Green identity similar to 



Proposition 3.2 for entire graphs: 



Proposition 5.3 (Green identity). For any u,v ^ C^'"(0^), the compactified 
Jacobi operator satisfies the following identity: 



n/3 



(uLv 



vLu] dA 



27r 



de 



s=T 



13 I e 




-71 



dv du 
ds ds 



de, 



with dA the Lebesgue measure on ^^ . 

And we also have the equivalent of Corollary |3.3t 

Corollary 5.4. There is no solution u G C^'°(ri^) to the equation: 



( Ln = onVLl^ 

\ u\9nP = (1,-1) 

let Hk and IIj^x be the orthogonal projections on K 
still holds: 



As in Section 
and K-^. Lemma 



3.1 



3.4 
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Lemma 5.5. Consider the map <I> : (C^'"(S^))^ x M x Kq —?- K^ defined by: 

$(7, A, a) = Ui^± o H{fib{-f) + A/ + a) . 

Then D^^{'-f\ 0,0) : Kq — ^ K is an isomorphism. 

We can apply again the implicit function theorem to $, which states 
that there exist an open neighborhood Uh of (7*, 0) in (C^'"(S^))^ x R and a 
unique smooth map a : Ub ^ Kq such that: 

V(7,A)GC/b, cD(7,A,a(7,A))=0. 

We define similarly the smooth maps Cb '■ Ub ^ C^'"(0/^), r]b : Ub ^ C^'"(0^) 
and Kb : Ub ^ K by: 

^6(7, A) = fibil) + X^' + ^(7, A), %(7, X) = b + 2c^efe(7, A) 
and Kb{-i, X) =IiKO H{Cb{l, A)) • 

Also, if an annulus, defined on i7^, admits X^''^'^''^^ as a parametrization, we 
say that {7, A} are the data of the annulus with respect to A or to b. 



Properties of ^b and r]b are similar to those of ^a and r]a in Section 3.1 
Lemma 5.6. The maps ijb and S,b have the following properties: 
1- efe(7^0)=0 andr]b{l\^) = h. 

2. V(7,A) G[/fe, %(7,A)|ao/3 =7- 

5. £'2eb(7^ 0) : A G M ^ A/ G C2'"(0^). 

Consider A, A' /3-deformable annuli admitting respectively X\X as 
cylindrical parametrizations and suppose there exist an annulus with data 
{7, A} and {7', A'} with respect to A and A! respectively. Therefore, this 
surface can be described as X'^^^'~^''^' and X'^^'^"^ -^ ' and we get: 



y =7 and X = —^ ( —^, f^b'il),^ , 



Lemma 5.6 Point 2 shows that the values at infinity are still independent 
from the parameter A, and the meaning of the parameter A is the same as in 
the case of entire graphs: 

Proposition 5.7. Let (7, A) € Ub- The surface X^''^'^' > exists for any 
A' G M and coincides with X'^*'^'^'^' up to a vertical translation. 
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We are now interested in deformations X^''^''' ' of the annulus A that 
are CMC-1/2, which means deformations such that ^6(7, A) = 0. Consider 
Ub = K^ ({0}) n C/fe. Again, using Proposition 5.7 we can take Z^/b = F;, x R 
with r^ a connected subset of (C^'"(S^))^. 

Proposition 5.8. The set Tb is a codimension 1 smooth submanifold of 
(C2>"(Si))2 which is a subset of: 



{(7+,7-)G(C''"(S'))' 



-7+ 



L2(§i) 



IL2(§1) 



Proof As in Proposition 3.8 if Kb is a submersion at (7^,0), then it is 
a submersion in a neighborhood of (7,0) in (C^'"(S"^))^ x M and, up to a 
restriction, F^ is a smooth submanifold of (C^'"(S^))^ of codimension 1. Again 
D2Kb{"/^,0) = since: 



D2Kb{Y,0)-l 



d r d 

di ...'"^^ ^'^ = dt 



t=o 



H{Ul\t)) 



L(l)2e6(7',0)-l)=Lo(/)=0, 



with ip'' e K. Consider 7 = (1, -1) g (C^'°(S^))^ and compute: 



I?lAtfe(7^0)•7 



d_ 
dt 



t=o 



Kb{-/'' + tj,0) 



d_ 
dt 



t=o 



H{^b{7' + tj,0)) 



L(Z)le5(7^0)•7). 



Lemma 



5.6 



Point 2 implies (Di^bil^jO) ■ j)\do = (1, —1) and using Corol- 
lary 5.4 we know that DiUbil^ : 0) • (1, —1) is not identically zero. 

Consider a smooth path 74 = ((7+)t, (7_)i) in Tb with 70 = 7^ and 
tangent vector at t 74 = ((7+)^, (7_)J. Note that similarly: 



= Z)Atb(7^0)•(7o,0)= ^ 



t=o 



Kb{itM = L{DiUl\^)-{io,^))- 



Denote v = Di^fc(7^,0) • (70,0) G kerL. Knowing that: 



V? U=T = ¥? 



ds 

(7V)o 



--7'' 



apply Proposition 5.3 to 99 and v. 



n/9 



and v\ 

2-K 



ds 

(7-)o, 



(c/^^L^; - 7;L/)dA = ^^ / {^+)^e-^^+de - ^ / (7_)oe"27^d0 



27r 



2vrV/3(((7V)o>e-'"+ 



-/(7_-)n e-27^\ ^ 



(13) 
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For a fixed t, consider the reparametrized path 7^ = 7^+^ said denote 
b' = VbiltjO). There exists e > such that 7^ G Tiyi for any \s\ < e. Hence, 
the path of surfaces X^''''^s'0) can be described by a path of data {7^, A^} in 



Ub', \s\ < e, with Aq = and tangent vector j'q = 7^ at s = 0. The result (10) 
applies to (7^,Ag) i.e.: 

for any t, and thus: 

since the annulus A is /3-deforniable. D 

The condition on the values at infinity defining r^ is indeed the conserva- 
tion of the vertical flux in the deformed annuli. 

5.3 Annuli with non aligned ends 

For minimal surfaces in M'^, one can define two Noether vector-invariants 
associated to isometries, namely the flux — associated to translations — and 
the torque — associated to rotations. In the case of a minimal catenoidal 
end with growth a > and vertical axis {xi = u,X2 = v}, the fiux and the 
torque are respectively (0,0,27ra) and 27ra{v,—u,0). In other words, the 
growth and the position of the axis of the end are determined by the vertical 
component of the flux and horizontal components of the torque. 

In H^ X M, Noether invariants are constructed similarly but the torque is 
not a vector anymore, since remain only rotations around vertical axis. In 
the case of a vertical rotational end with parameter /3 > 0, the flux is vertical 
with third component /3 and the torque is always zero, no matter where the 
rotation axis is situated. The fact the position of the axis is no longer caught 
by Noether invariants, indicates that the construction of CMC-1/2 annuli 
with vertical ends should be more flexible regarding the relative positions of 
the axis of the ends. 

Theorem 5.9. There exist CMC-1/2 annuli in H^ x M with vertical ends, 
that are asymptotic — regarding the horizontal hyperbolic distance — to 
rotational examples with different vertical axis. 
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Proof. Fix /3 > 0, /3 / 1. From Proposition 2.3, we know that, in the Poincare 
disk model (|2|, a horizontal translation of w^ = ee^^^ G D* changes the top 
value at infinity of the rotational annulus Af^ into: 

7.(e)=log" 



vr 



r2 



A direct computation shows: 

I^~''''^Il2(§i) = 1 and |7£|c2.«(§i) < C'e with C G M^. 

Thus, for e sufficiently small, we have ((7e,0),0) G Uq and the CMC-1/2 

annulus X''«((^-°)'°) exists. 

Moreover, the top end of X''"'^^'^^' '^' '' is asymptotic to the top end of the 
image of Sq under the horizontal translation by w^ — since it has the same 
value at infinity — and is therefore asymptotically rotational. Similarly, the 

bottom end of X'^^^^'^^' '' '' is asymptotically rotational, being asymptotic to 
the bottom end of Sq. 

And finally, the ends of X*'^^'^^' '' ' are not aligned since the axis of the 
top end is {we} x M and the one of the bottom end is {0} x M. D 



Remark 5.10. In the proof of Theorem 5.9 we see that the ends of the 
constructed annulus are asymptotic to the same rotational example, up to 
isometries. This is indeed a necessary condition since the ends have to 
preserve the vertical flux, which is determined by the parameter /3 of the 
rotational annulus — namely, the vertical fiux of the annulus Ap is 27r(l — (3). 

6 Appendix: Compactification of the mean curva- 
ture 

Consider the product metric a + dx\ on D x M where: 

o- = F*dsi, and F : (r, 6^) G D h^ ^^e^^ G M^ 

1 + r^ 

in the Poincare disk model ([2]). To ease the notations, we use indices 1, 2 for 
quantities respectively related to coordinates r, 6 on D. In matrix terms, the 
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metric is a = (o"ij) with: 
16 



<7ll 



(1-r 



2^2 



, 0-12 = 0-21 = 0, £722 



16r2(l +r 
(l-r2)4 



2\2 



and \a\ 



'l6r(l + r2) 
(l-r2)3 



The Christoffel symbols (r^) associated to a for the Levi-Civita connection 
verify: 



which means: 



2r 



11 



r?o = r? 



1 + 6r2 + r^ 



l-r2' 12 21 ^(i+^2)(l_^2) 

r(l+r2)(l+6r2+r^) 



and T22 



(l-r2)3 



the other terms being zero. 

Fix Q £ T>. A surface in 5 G if defined on i} with graph coordinates at 
infinity: 

(r, e)£n^ {F{r, 9), h{ri)) with 7? G C2'"(n) and h{ri) = 2e''^'^^^, 

can be reparametrized as the actual graph of the function /i(r/) : $1 —>■ M in 
D X M endowed with metric a + dx^,- As shown by J. Spruck ^12], the metric 
5(^) = {gijiv)) induced by h{'q) is given by: 

gijiv) = (^ij + dih{r])djh{r]), 

and denoting r]i = diTj, for i = 1,2, we obtain: 



ffiiC^) 



16(1 + r2)2e2'? 
(l-r2)4 

512(??) = - 



1 + 



2rrji 



(l-r2) + 



^1 , e 



+ 



-2'; _ X 



2^2 



l+r2' ' I 4 (l+r2)2 



(l-r2) 



l + r2)2„2e2'' r 2 



(l-r2)3 



1 + r2 2 ^ 



, , 16r2(l+r2)2 
and g22{ri) = ^^ _ ^^^ 
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The determinant \g{ri)\ of the induced metric is: 



\9{v)\ 



'l6r(l + r2)2e'? , ^ 



(l-r2) 



2U 



w (r/) 



with w{rj) denoting: 
w{ri) 



1 + r^ \ 4 (1 + r2)2 / 



+ 



^2 



2\4 



4r2(l + r 



2^2 



(1-r^) 



1/2 



In the metric a + dx'^, the mean curvature i:/^(??) of S can be expressed as: 

with ty(>)) = 1/1 + l^M'M = '\"^ "^ l''' «'(i). 



I — f2 
where the quantities are computed with respect to the metric a on D, and 

g-Hv) = (g'Hv))- 

In order to ease the notations, denote: 

H^M = g''{v) {^^Mr|) -Y.^%dkh{r,)\ . 



For Hii{rj), compute: 



W{r]) 



-2^(1 



„2\2 






^ + "^1 (1 - r^) 

2(l + r2)2 ^2(l + r2)3^ > 



wyrj) 



with Rii = Rii(r,r],Dr]) defined on 17 U dO, identically zero if ry = and 
real-analytic in its variables. For Hi2{rj): 



-^(^W-rY + 2I^(,)^"(^) 



w^{ri) 



w{r]) 



m2, 
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again with R12 = Ri2{r,ri,Dr]) defined on 17 U dD, zero if r/ = and real- 
analytic in its variables. And for H22{ri)'- 



H22{V) = g^Hv) (d22H7])-Tl^dih{7]) 



W{r)) 



1 + 6r2 + r"^ (5 - lOr^ + 29r'^)r?i 2^ 

2(l+r2)2 + 2r(l + r2)3 ^ " '^ ^ 



4^2 /3^2 e-^v_i 
^(l+r2)2 i^+(l+r2)2 



fl - r2)2 + 



^1 



''?! 



r(l + r2) \ 4 



+ f^)(l--^)^+«22(l-rY 






with R22 = i?22(^) ^) -Dry) defined on $7 U 3D, zero if r/ = and real-analytic 
in its variables. Hence, a Taylor expansion of the mean curvature H(ri) is: 



H{v) 



1 



wij}) 



g^\7])7]u + 2g^\'n)r]u + 5^^(r/)r?22 



-h 



-F 



+ 



1 



1 + 



3rr] 



e-^^ - 1 
(l+r2)2^ 

sie-^'^ - r 

(l + r2)2 



l-hr2 

,2n2 



lM-r') + 



Qj.2 



'vi 



(l+r2)2l 2 



{i-ry + 



Vi 



2r(l-Fr2) V 2 



^1 



2n3 



(1-r") 



+ i?//(l - r 



2\4 



with as before Rh = Riiif, 1], Drf) defined on i7 U (9D, identically zero if r/ = 
and real- analytic in its variables. 

The Taylor expansion of w~^{rj) is the following: 



1 



w^{rj) 



1 



3rr/i ^ 2n 

'1 — r 



1-Fr2 

5rrii 
(l+r2)3 



2(1 -Fr2) 



-2»7 



4r^r?f + (e-^'' - 1) (1 - r 



„2\2 



'^r^l - ^A^:^LJ1] (1 _ ,2)3 + ^^(1 _ ^2)4^ 



with Rw = Rw{f, 1], Drj) defined on 17 U 5D, zero if 77 = and real-analytic in 
its variables. Finally, we obtain: 



H{ri) 



1 1 

2 wij]) 



,12/ 



,22 



g'\il)mi + 2g''{v)vi2 + g''{v)V22 )+R{l- r')\ (14) 



„2n4 
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with R = R{r, ij, Dr]) defined on $1 U dD, identically zero if 77 = and 
real-anal jd;ic in its variables. 



Taking rj = a + ^ with a, ^ G C '"($7), the Taylor expansion (14) reads: 



Hia + = H{a) + -^ ^ yl,,^,, + -jr^B, 

V\9{a)\ ^ Vl5(a)l 

with ^n = -^ V^ff(a)|,^Ha + = ,\,, ^"^"^f 
= e-" + 0(l-r2), 

/I ^ /TT^ 12^ I c\ ^ 512(0 + 6 

= 0(l-r2) 

and A,, = ^^^,^\g^\a + i)- ' ^^^(° + ^) 



= e^ + Oil-r^). 

Moreover Aij = Aij{r, a, ^, D^) and B = B{r, a, S,, D^) are defined on Q. U 5D 
and real-analytic in their variables, the matrix A = [Aij) is coercive on 
VL U 5D, and B is identically zero if .^ = 0. 
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